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8.6 L’Hépital’s Rule

» Approximate limits that produce indeterminate forms.
> Use L'Hépital’s Rule to evaluate limits.

ﬂ Indeterminate Forms and Limits
In Sections 1.5 and 3.6, you studied limits such as

lim &1
=1 x—1

and

ot 2x + 1
x—oo X + 1

In those sections, you discovered that direct substitution can produce an indeterminate
form such as 0/0 or co/co. 1::01- instance, if you substitute x = 1 into the first limjt,'yd'u
obtain ' SR

2210

11_1;1} -1 = 6‘ Indeterminate form

which tells you nothing about the limit. To find the limit, you can factor and divide out
like factors, as shown.

2 _
lim Z i = lim (JC 1)(x i 1) Factor.
=l x — 1 x=1
= lim G—T)x + 1) Divide out like factors.
r—1 V’T
= lin} x+1 Simplify.
X—
=1+1 Direct substitution
=2 Simplify.

again tells you nothing about the limit. To evaluate this limit, you can divide the nume
ator and denominator by x. Then you can use the fact that the limit of 1/x, as x = 0o,

2x+1 . 24+ (1/x)
\ll»rglo x+1 _xL—l»rEo1+(1/x)

240

S e Evaluate limits.

1+0
=2

Divide numerator and denominator b

Simplify.

Algebraic techniques such as these tend to work well as long as the function itself 18 5
algebraic. To find the limits of other types of functions, such as exponential_ fun
or trigonometric functions, you generally need to use a different approach.

e e
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- Example @ I Approximating a Limit

Find the limit.

]jmek_1

x—=0 X

SOLUTION When evaluating a limit, you can choose from three basic approaches.
That is, you can attempt to find the limit analytically, graphically, or numerically. For
this particular limit, it is not clear how to use an analytic approach because direct sub-
stitution yields an indeterminate form.

g [ h_me-”(“)— Ee

lim Indeterminate form
x—=0 X x—0 0
= g Indeterminate form
0

Using a graphical approach, you can graph the function, as shown in Figure 8.38, and
"~ then use the zoom and trace features to estimate the limit. Using a numerical approach,
you can construct a table, such as that shown below.

T=0.001[~0.0001] 0 Jo.0001 [0.001 |0.01

2.9955 {2.9996 | ? |3.0005 |3.0045 |3.0455

From the values in the table, it appears that the limit is 3. So, from either a graphical or
a numerical approach, you can approximate the limit to be

e —1
chl_{% sEaNC 3.
=]
r} C-heckpoints 1 smm—
Find the limit.
L1l — e
]
x—0 X

' Example | Approximating a Limit

Find the limit.

lim sin 4x

x—0 X

SOLUTION As in Example 1, it is not clear how to use an analytic approach because
direct substitution yields an indeterminate form.
sindx . sin4(0) _ 0

lim =lim———=— Indeterminate form
x—0 X x—=0 0 0

Using a graphical approach, you can graph the function, as shown in Figure 8.39, and
then, using the zoom and trace features, you can estimate the limit to be 4. A numeri-
cal approach would lead to the same conclusion. So, using either a graphical or a
numerical approach, you can approximate the limit to be

g . sindx
FIGURE 8.39 lim === = 4.
=
[} Checkpointé D msem———
3 Find the limit.
, . 2
iy $i00/2) z

x—0 X
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‘ L’Hépital’s Rule

L’Hépital’s Rule, which is named after the French mathematician Guillaum,

- T
Antoine de L'Hbpital (1661-1704), describes an analytic approach for ey;
limits.

_ @
Example H | Using L'Hépital’s Rule

Find the limit.
lim _eax__l

x—0 X

SOLUTION  In Example 1, it was shown that the limit appears to be 3. Because

substitution produces the indeterminate form 0/0, you can apply L’Hépital’s Rul
obtain the same result.

1[331 — 1]

g = dx i 55
lim——— = [|[jm & Apply L'Hopital’s Rule.
=0 X x—0 d[ ]

- X
dx
.. 3eX Differentiate numerator and
- P_{% 1 ) denominator separately.
3(0
= 30 Direct substitution
1
=3 Simplify.

(@ Checkpoint 8 me..
Find the limit using I’ Hopital’s Rule. :

N
lim ———
x—=0 X

Study Tip
Be sure you see that L’Hopital’s Rule involves f'(x)/g'(x), not the derivative
of the quotient f(x)/g(x). :




Study Tip

You cannot apply L'Hopital’s
Rule unless direct substitution
produces the indeterminate
form 0/0 or co/co. For
instance, if you were to apply
L' Hépital’s Rule to the limit
X,

xHI-I(lJ % -
you would incorrectiy con-
clude that the limit is 1. Can
you see why this is incorrect?

Study Tip

Another form of L'Hbpital’s
Rule states that if the limit of
f(x)/g(x) as x approaches co
or —oo produces the indeter-
minate form 0/0 or co/co,
then

S P
M ew T Rk

This form is used in Example
5.
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Example & | Using L'Hépital’s Rule

Find the limit.

. sin4dx
lim
x—=0 X

SOLUTION In Example 2, it was shown that the limit appears to be 4. Because direct

substitution produces the indeterminate form 0/0

sindx 0 .
= = Indeterminate form

lim
=0 X 0

you can apply L' Hopital’s Rule to obtain the same result.

dis
. —[sin 4x]
lim sin 4x = lim dx Apply L'Hdpital’s Rule.
x—=0 X x—0 d[ ]
* ) .5
ks ; dx
o 4 cos 4x Differentiate numerator and
= lim ——1 . denominator separately.
- M(m Direct substitution
1
g 4 Simplify.

E} Checkpoint 4
Find the limit using L’Hopital’s Rule.

lim sin(x/2)

x—0 X

Example B | Using L'Hépital’s Rule

Find the limit.

’ e*
im =1
z—'Dﬂex‘I‘l

SOLUTION Because direct substitution produces the indeterminate form co/co

. e e’e} )
lim =— Indeterminate form
x—moo e 4+ 1 oo

you can apply L'Hdpital’s Rule, as shown.

d
X E[e'”]
. e =Nt Apply L'Hopital’s Rule.
lim —- lim
xX—>Cc0o 82‘\ + 1 x—C0 d 5
-th[e * 4 1]
. P Differentiate numerator and
- XIHQQ 2e2* . -dermminutor separately.
by Simplify
= lim E ‘ 3
x—>co
=0 - Evaluate limit.

[27 Checkpoint 5 s
Find the limit.

. e~

xli.[go 64.;' +1
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Sometimes it is necessary to apply L'Hopital’s Rule more than once to remove 4 n
indeterminate form. This is shown in Example 6.

Example @ | Using L'Hépital’s Rule Repeatedly

Find the limit. e

2
; X
lim

x—>—co g ¥

SOLUTION Because direct substitution results in the indeterminate form oo /oo

2 oo

i —=— Indeterminate form
x—-o0 g ¥ oo

you can apply L'Hopital’s Rule, as shown.

: d
e i)
[P . o e e xz fix[x ]
. ) im —= lim — Apply L’Hépital’s Rule.
y——oo g~ x—>—co d[ ﬁr]
e
dx-
M I 2x Differentiate numerator and
- x_‘I_l‘lw —p denominator separately.
= - Indeterminate form
—COo

After one application of L’Hdpital’s Rule, you still obtain an indeterminate form. In
such cases, you can try L'H6pital’s Rule again, as shown.

d
2 x>
lim Ji = lim ————— Apply L'Hépital’s Rule.
x—=—c0 —g ¥  ys-oo s
Sonill PR
dx
o Differentiate numerator and
= YLU;HOO P denominator separately.
=0 Evaluate limit.

So, you can conclude that the limit is zero.

E} Checkpoint 6 s
Find the limit.

Remember that even in those cases in which L'H6pital’s Rule can be applied
to determine a limit, it is still a good idea to confirm the result graphically or
numerically. For instance, the table below provides a numerical confirmation
of the limit in Example 6.

X =2 —4 -6 =8 | =10 | =12

— |0.5413]0.2931|0.0892 |0.0215|0.0045|0.0008
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L'Hopital’s Rule can be used to compare the rates of growth of two functions. For
instance, consider the limit in Example 5

eJ’

\]:l*rgo e + 1 =D,

Study Tip Both of the functions f(x) = ¢* and g(x) = ¢** + 1 approach infinity as x— oo.
5 However, because the quotient f(x)/g(x) approaches 0 as x— oo, it follows that the
‘Hopital's Rule is necessary denominator is growing much more rapidly than the numerator.

solve certain real-life
"pféﬁiéms such as compound
terest problems and other
usiness applications.

Example | Comparing Rates of Growth

Each of the functions below approaches infinity as x approaches infinity. Which func-
tion has the highest rate of growth?

a. fx)=x b.glx)=e¢ e hx)=Inx

SOLUTION Using L’Hdpital’s Rule, you can show that each of the limits is zero.

d
gl "
lim — = lim =il = =0
x—=oo g¥ x—’oc’i[et] r—00 @
dx
5
—\— B0
In x . dx 1
h(x) = Inx ]1m — = hm = 2 e
x-red X oo d y—co X
; gk
IGURE 8.40 .
—[In x]
HH1EL£==Hn1dx = rmAlf==0
x—>oo @ x—oo g r—oo xe’
—Le’]

From this, you can conclude that 2(x) = In x has the lowest rate of growth, f (x) = xhas
a higher rate of growth, and g(x) = e* has the highest rate of growth. This conclusion

is confirmed graphically in Figure 8.40. -

St

[2’ Checkpoint 7

Use a graphing utility to order the functions according to the rate of growth of each
function as x approaches infinity.

a. Flx) = o= b. g(x) = x? c. h(x) = Inx? =

— S—

1. State L’Hépital’s Rule (page 564). For an example of using L'Hopital’s Rule to

evaluate indeterminate form, see Examples 3, 4 and 5.
Section

8.6 2. Describe a real-life example of how L'Hdpital’s Rule can be used to compare rates |

of growth (page 516, Example 7).




568 Chapter 8 » Trigonometric Functions

The followmg warm-up exercises involve skills that were covered in earl.rer sectfons You w:ﬂ use thes
_ Skills in the exercrse set for this section.

In Exerc:ses 1-8, find the limit, if it exists.

' 26+ 5 +1 x =08
1 lim (- 10x+1) 2 lim 3. lim 4, i X2
x—co x—Co 3 x—=0c X x—=00 x< .47 3
2 —5x+7 x2=1 B Shaptliss A L
. : PR
5. Lm T x+a O a oy (= 8. Hm
In Exercises 9-12, find the first derivative of the function.
9. f(x) = cos x? 10. f(x) =sin(5x — 1) 11 f(x) = sec 4x 12. f(x) = tan(x2 — 2
In Exercises 13-16, find-the"second derivative of the function.
X
13. f(x) =sin2x+3) 14, f(x) = cos 5 15 f(x) = tanx 16. f(x) = cotx
" Exercises 8.6
In Exercises 1- 6, decide whether the limit produces an sin x
indeterminate form. % M=
L 1 2x + JVx 2 i 2+ 4x -3
3 e " TR+ x  |-0.1|-0.01|—0.001] 0 |0.001]0.01] 0.1
4 . sinx f(x) ?
P N i
2x . cos2x — 1 e
5. lim 2er 6. lim Inx 10. ,}-[_1.% 6x 3
X—*oo 36-‘ L_’m /\p
— — — 0 10.001(0.01] 0.1
In Exercises 7-10, complete the table to estimate the * 0.1} ~0.01~0001 ;
limit numerically. fx) ?
7. lim S
e In Exercises 11-16, use a graphing utility to fmd
th dicated limit hicall
" Coil—051—o.000) 1 o001 o6t | 6 (leln icated limit graphically.
nx e’
&) ? 1 i e - &
In(2 - x) =1 &
2 c— 12 . — X , e’
8. lim ™12 13 Hn= 1 W Iy
2—x—2 ¥ +3x—4
15. lim el & 16. lim —
x 292992999 [3]3001[301] 3.1 w22 = 5 + 6 o122+ 2x - 3




. |

In Exercises 17-48, use L'Hopital’s Rule to find the limit.

You may need to use L’'Hopital’s Rule repeatedly.

f
\7.
19,

\/21.

\/23.

/

/ 2s.

. lim

. lim

. lim

. lim

‘-/47.

In Exercises 49-56, find the limit. (Hint: L'Hopital’s Rule

il |

. 2 -x-2
SRS B

. 2x+ 1 —ef
lim ———
=0 X

sin 2x
x—0 sin 3x

2cosx
im ———
x—mf2 3 CO8 X

sin x

—0e*t — |

cos(x/2)

x—=7 X —

lim
X—*oo

x+1

N )
x—0 X

el\'

lim —-
X—co X

18.

20.

22,

24,

26.

28.

30.

32,

34.

36.

38.

40.

42,

44.

46.

48.

does not apply in every case.)

Vo,

50.

V1

52.

Iim.t2+2x-l~1
x2+3

X—*co

i 33 —7x+5
o o + 25— 11

. X +32—-6x—38
lim

=120 = 32 — 5¢ 4+ 6

2x3 — x% — 3x

lim

=0 x* 4+ 203 — 02 — 18y

2+x—12

li
1mn 2 — 9

x—=3
cos 2x — |

T e

x—=0 X

lim 2 +3x—4
=132+ 2% —3
m 2x— 1+ e
x—=0 3%

lim 2 +5S
=0 202 — 11

-~
x—oo ¥ In x

\/és.
54.

Vés

56.

x—=3

. lim
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. In(x — 2)
lim oy
In(x + 2)

L x+ 2

x—=—1

2Inx

=1 eF

. sin mx
lim ——
x—=0 X

In Exercises 57- 62, use ’Hépital’s Rule to compare the
rates of growth of the numerator and the denominator.

Vs,

58.

62.

63.

64.

lim —

xr—oo €

lim ==

x—oo €2F

Hm ———

X—=oo X

Complete the table to show that x eventually “overpow-
ers” (In x).

X 10 | 10?2 | 10° | 10* | 105 | 106

(In x)°

X

Complete the table to show that e* eventually “overpow-
” 6
ers” x5,

x 1 2 4 8 [ 12 ] 20 | 30

e
2

In Exercises 65-68, L'Hopital’s Rule is used incorrectly.
Describe the error.

65.

60.

67.

68.

A | 3x
lim &1 = i 3 = lim 3¢>* = 3 X

=0 e x—=0 g

. sinax + 1 . T COS X ><
lim = lim =T

x—=0 X x—=0 I

. et —1 . e¥ . = ><
lim = lim+——= = limxe* = ¢

1 Inx =1 (1/x) =1

lim — = lim —— = lim -1 = —1
X—*co ] — B x—=co € ¥ X—co






