Linear Regression Models
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1 Simple Linear regression Models

Vi = Po+Pixu+e, t=1,2,---,T
E(e,) = o, Vt
V(e,) = o>, Vt
E(ee) = o, Vt#s
E(xy€) = o

Take expectation of both sides to obtain

Uy = Bo + Prtix

and subtract it from the regression model,

yt:#y:ﬁl(xlt_ﬂx)'i'et, t=1,2,-,T
2 Multiple Linear regression Models

Ve = Po+Puikar+ Pouxa+€n t=1,2,-T
E(e;) = o, Vt
V(e,) = o>, Vit
E(ee) = o, Vt#s

E(xye,) = o, i=12

3 What does this equation means?

1. y; is the caused (dependent) variable while x,;, x,; are the causal (independent) variables.
2. The relation between y;, x,;, x,; is linear and no important causal variables are left out.

3. 3, measures the effect of one unit of change of x,, on y, with x,, being fixed. Similarly, 3,

measures the effect of one unit of change of x,, on y; with x,; being fixed.



4. Note that

_ 9y

ﬁl - axll’

_ 9y

B = 0X,;
dy. _ Oy Oy dxy
dx1t axn‘ axzt dxlt

4 Estimating f's

Least square estimates are derived from minimizing the squared residuals

T
MinSSE = > (y:—Bo = Bixuc — Paxar)’
t=1

ZtT=1(x1t - %) (- ) ZtT=1(x2t — %) - ZtT=1(x1t = %) (% — %) ZtT=1(x2t - %) (Y- J)
ZtT=1(x12t - X) Zz;l(x;t - %,) - (ZtT=1(x1t - %) (%, — %))
B _ th;l(xlt_xl)z Zthl(xzt_’_Cz)()’t_)_’) - Z’tr:l('xlt_)_cl)(yt_)_}) Zz;l(xlt_xl)(x2t—x2)
’ Zthl(xlt - %) Zthl(xzt — %)% - (Zthl(xlt = %) (%2 = X,))?
Bo = y- /—’313‘(1 - Bz’zz

Thus,

B, =

Bo + lelt + ﬁzxzt
Vi — )_’ = ﬁl('xlt - J_Cl) + ﬁz(xzt - 922)
Vi —)A’t
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5 How to interpret least square estimates

yt+€t

ﬁo + ﬁAlxlt + Bzxzt + ét

Vi



¥+ L €, since
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+ ﬁl ; 1t(yt ﬁlxlt - Bzxzt)
+ ﬁz Z 2t(yt lelt - Bzxzt)

t=1

by the normal equations. Further,

;()’t -y)= ;()A")_’)z + ;()’t - )

Note that we are decomposition y; into the sum of two terms y, and é;. It is the orthogonality
condition that makes the decomposition unique. To sum up, regressing y; on (x,;, x,; is equivalent

to projecting y; onto the space spanned by x,;, x;.

6 Anotherlook at LSE

5 oA p T T T T T
To solve f5,, 5., B0, one needs to know (X,_, x2, >, x2,, ¥, XXy and (X, Xit Ves 2o pey Xt Vs> that
is the covariance among x;; and covariance between y, and x;;. The requirement is obviously as in

computing dy,/0x,;, dy, one needs to disentangle the covariance among x;;.

7 General cases

Generally speaking,
Y=XB+e
where
1 Xy Xp Xi
Y=y nyr), X = 1 X Xy X2k
1 X7 X7y XTk



A

B=(X'X)"'X'Y

where
T Zz;lxtl ZtT:lxtz Z;r:lxtk
T T ., T T
X/X _ Zt:l xtl Zt:l xt1 Zt:l xtlxt2 ot Zt=1 xtlxtk
T T T . T
Vi Xtk D XekXn D XekXe 1 2 Xy

V(B) = (XX) "0

8 Testing hypotheses on f3

Typically all elements of (X’X) diverge to co as T — oo and (X’'X) ™ converges to a all zeros matrix.
It is often the case that +(X'X)™ £ Y tas T — oo. It can be shown that LSE /5 is the MLE. Under

the null hypothesis H, : = 3,
VI(p~po) > N(o,0*L;")

With this asymptotic normality, we can test any hypothesis on f.

T(h - B 5 (5 ) (B = o) & x (k)

Let the hypothesis be expressed as Rf3 = r where R is a m x (k + 1) matrix. Then,

X'X

)R (RE 1) S i (m)

T(RP 1) = (R(

In particular, if the hypothesis only involves a single parameter, ie. R = (0,:+,0,1,0,::-,0), Or
only one single element R is 1 and the rest are zeros, it can be transformed into a ¢-test. For the
hypothesis like f3,.,, -+, B = 0, a different F test is also feasible. Let SSEg, SSE¢ be the residual sum

of squares under the null and the alternative hypothesis. Then,

_ (SSEg - SSE¢)/(k - g)

E =SS Jtn-k—)

~ Fk,n—k—l

9 A closer look at the assumptions

1. E(e;) = o is usually fine as long as an intercept is included. If not, just subtract the mean from

the equation.



2. E(e€;) = o could be violated for time series regression. Need to diagnostically check this

assumption.

3. V(e;) = 0> Vthomoscedasticity assumption could be violated for cross-section regression

or for financial time series.

4. E(x;€;) = o could be violated due to simultaneity. Need to use instrument variables.

10 Empirical examples

Estimating market f3 for Taiwanese stock market



