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1. Converge in distribution

2. Converge in probability

3. Converge with probability 1

1 De�nitions

1.1 Converge in distribution

Suppose that F1,F2,� is a sequence of cumulative distribution functions corresponding to random
variables X1,X2,�, and that F is a distribution function corresponding to a random variable X. We
say that the sequence Xn converges towards X in distribution, if

lim
n�ª

Fn(x) = F(x)
for every real number x at which F is continuous. Since F(x) = Pr(X B x), this means that the
probability that the value of X is in a given range is very similar to the probability that the value
of Xn is in that range, provided n is large enough. Convergence in distribution is o�en denoted by
adding the letter D over an arrow indicating convergence:

Xn
D
� X

1.2 Convergence in probability

 e sequence Xn is said to converge towards X in probability if

lim
n�ª

Pr (SXn − XS C ε) = 0
for every ε A 0. Convergence in probability is, indeed, the (pointwise) convergence of probabilities.
Pick any ε A 0 and any δ C 0, Let Pn be the probability that Xn is outside a tolerance ε of X.  en, if
Xn converges in probability to X then there exists a value N such that, for all n A N,Pn is itself less
than δ.
Convergence in probability is o�en denoted by adding the letter ’P’ over an arrow indicating

convergence:
Xn

P
� X

Equivalently, Xn
P
� X if for any ε A 0,δ A 0,§N such that n A N� P(SXn − XS < ε) A 1 − δ
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1.3 Converge with probability 1

To say that the sequence Xn converges almost surely or almost everywhere or with probability 1 or
strongly towards Xmeans

Pr � lim
n�ª

Xn = X� = 1.
 is means that the values of Xn approach the value of X, in the sense (see almost surely) that

events for which Xn does not converge to X have probability 0. Using the probability space (Ω,F,P)
and the concept of the random variable as a function fromΩ, toR, this is equivalent to the statement

Pr ��ω > Ω S lim
n�ª

Xn(ω) = X(ω)�� = 1.

and is denoted as
Xn

wp1
� X

Equivalent de�nition 1, Xn
wp1
� X if for any ε A 0, limn�ª P(SXm − XS < ε, allm C n) = 1

Equivalent de�nition 2: Xn
wp1
� X if for any ε A 0,δ A 0,§ N and all r A 0 such that n A N �

P(SXn − XS < ε, SXn+1 − XS < ε,� , SXn+r − XS < ε) A 1 − δ

2 Relationship between three modes of convergence

2.1 Implications

1. Xn
wp1
� X� Xn

P
� X

2. Xn
P
� X� Xn

D
� X

Convergence in probability su�ciently fast implies convergence wp 1.
 eorem: IfPªn=1 P(SXn − XS A ε) <ª∀ε A 0, then Xn

wp1
� X

 eorem: IfXn
P
� X then there exist a subsequence Xni of Xn (ni, i = 1,2,� , is a subset of n =

1,2,�, say 1,2,4,9,� ,n2,�) such that Xni

wp1
� X

 eorem: Let X1,X2,� be independent, then if Sn = X1 + X2 +� + Xn
P
� X� Sn

wp1
� X

Convergence in probability to a constant implies convergence in distribution
 eorem: If Xn

D
� c where c is a constant, then Xn

P
� c.

2.2 counter examples

1. Let Xn be independent with P(Xn = 1) = 1~n,P(Xn0) = 1− 1~n.  en, obviously, Xn
P
� 0 but

Xn
wp1
� 0 does not hold. Actually, Xn does not converge with probability 1.
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2. Let X,Y be independent with P(X = 0) = P(X = 1) = P(Y = 0) = P(Y = 1) = 1~2,. Let
Xn = Y, then Xn

D
� X but Xn

P
� X does not hold since P(SX − YS = 1) = 1~2.

3 Law of large numbers

3.1 Weak law of large number

If X1,X2,X3,� is an in�nite sequence of random variables, where all the random variables have the
same expected value µ and variance σ2 and are uncorrelated (i.e., the correlation between any two
of them is zero), then the sample average

Xn = (X1 +� + Xn)~n

converges in probability to µ.

3.2 Strong law of large number

If X1,X2,X3,� is an in�nite sequence of random variables that are pairwise independent and iden-
tically distributed with

E(Xi) = µ and E(SXiS) <ª,

then
P � lim

n�ª
Xn = µ� = 1,
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