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1 Introduction
�is note reviews the de�nition, interpretation, estimation and testing of CAPM
model.

• – Observation: stock is risky and should have higher return (risk pre-
mium)

– Expect a formulation like r ∼ variance provided variance is used to
measure risk

– Trouble is: Two di�erent kinds of risk: market risk and idiosyncratic
risk.
�e latter can be diversi�ed away and is hence not priced. �e former
cannot be diversi�ed away and should be priced. So, how do we pro-
ceed with the analysis?

Markowitz(1959) argues that

– investors would hold amean-variance e�cient portfolio, highest return
for given level of variance.

– If investors have homogeneous expectations, and optimally holdmean-
variance e�cient portfolio, then in the absence of market frictions the
market portfolio will be a mean-variance e�cient portfolio.

• CAPM is a direct implication of the mean-variance e�ciency market port-
folio.

2 Portfolio theory by Harry Markowitz

2.1 Portfolio theory without a risk free asset
Let there beN risky assetswith returns r = (r1,⋯, rn)′, where µ = E(r) = E(r1,⋯, rn)′ =
(µ1,⋯, µn)′ and covariance matrix Ω = Cov(r) where

Ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

σ11 σ12 ⋯ σ1n
σ21 σ22 ⋯ σ2n
⋮ ⋮ ⋮ ⋮

σn1 σn2 ⋯ σnn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
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Portfolio x ismeasured by the fractions ofwealth hold for each asset, x = (x1, x2,⋯, xn).
Obviously, x′i = ∑n

j=1 x j = 1 where i = (1, 1,⋯, 1)′.
Portfolio p is the minimum-variance portfolios of all portfolios with mean re-

turn µp if x is the solution to the following constrained optimization:

minxx
′Ωx

subject to

x′µ = µp

x′i = 1

To solve the problem, form the Lagrangian function L and then di�erentiate with
respect to x , δ1, δ2, respectively and solve for x.

L = x′Ωx + δ1(µp − x′µ) + δ2(1 − x′i)

2Ωx − δ1µ − δ2i = 0 (1)
x′µ = µp (2)
x′i = 1 (3)

Multiplying Ω−1 to both sides of (1), we have

x = 1/2Ω−1(δ1µ − δ2i)
Le�-multiplying i′ and µ′ to both ends of (2.1) respectively andmaking use of (2,3),
we have

1 = i′x = 1/2(i′Ω−1µ)δ1 + 1/2(i′Ω−1i)
µp = µ′x = 1/2(µ′Ω−1µ)δ1 + 1/2(µ′Ω−1i)δ2

Let A = i′Ω−1µ, B = µ′Ω−1µ,C = i′Ω−1i,D = BC − A2, then

( 1
µp

) = ( 1/2A 1/2C
1/2B 1/2A )( δ1

δ2
)

Solve for δ1, δ2, we have
xp = g + hµp

where

g = 1
D

[(BΩ−1i) − (AΩ−1µ)]

h = 1
D

[(CΩ−1µ) − (AΩ−1i)]
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2.2 Portfolio with a risk free asset
Let the return for the risk free asset be r f . �en, the portfolio optimization amounts
to solving

minxx
′Ωx

subject to

x′µ + (1 − x′i)r f = µp

�e Lagrangian function L now becomes

L = x′Ωx + δ(µp − x′µ − (1 − x′i)r f )

Di�erentiate L with respective to x and δ, we have

2Ωx − δ(µ − r f i) = 0 (4)
x′µ + (1 − x′i)r f = µp (5)

Multiplying Ω−1 to both sides of (4), we have

x = 1/2Ω−1δ(µ − r f i)

Note that (5) is equivalent to

µp − r f = x′(µ − r f i)

Le�-multiplying (µ − r f i)′ to (4) and making use of (2.2), we obtain

δ = 1
µp − r f

(µ − r f i)
′

Ω−1(µ − r f i)

Hence,

xp =
(µp − r f )
(µ − r f i)

′

Ω−1(µ − r f i)Ω−1(µ − r f i)

Note that
xp = cpx̄

where
cp =

(µp − r f )
(µ − r f i)′Ω−1(µ − r f i)

3



and
x̄ = Ω−1(µ − r f i)

which latter does not depends upon p.
With a risk free asset, all minimum-variance portfolios are a combination of a

given risky assetwithweights proportional to x̄ and the risk free asset. �eportfolio
of risky free assets is called the tangency portfolio and has weight vector

xq =
1

i′Ω−1(µ − r f i)
Ω−1(µ − r f i)

Denote xq as market portfolio xm for beng consistent with notations in the text-
book. Now, we can derive the CAPM easily from portfolio optimization solution
above. Evaluate (5) at xq so that x′mi = 1 and multiple x′m to both sides to get

2x′mΩxm = δx′m(µm − r f i) = δx′m(µm − r f )

where Hence,
1
δ
=

µm − r f
2xmΩxm

=
µm − r f
2σ 2m

substituting back to (5), we have

µ − r f i =
µm − r f

σ 2m
Ωxm
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Note that σip = x1σi1 + x2σi2 +⋯ + xnσin. Write out (2.2) in details:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ1 − r f
µ2 − r f
⋮

µi − r f
⋮

µn − r f

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
µm − r f

σ 2m

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ1m
σ2m
⋮

σim

⋮
σnm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

More speci�cally,

µi − r f =
σip

σ 2m
(rm − r f ) = βi(rm − r f )

3 CAPM

3.1 Formula

µi − r f =
σip

σ 2m
(rm − r f ) = βi(rm − r f )

3.2 Assumptions behind CAPM
1. Homogeneous expectations: All investors share the same beliefs about the
distribution of returns.

2. Investors have the same one period time horizon

3. All investors can borrow or lend at the risk-free rate

4. No transactions costs

5. Investors are indi�erent between capital gains and dividends

6. No in�ation (no unanticipated in�ation)

7. Large number of small investors (no one investors can impact the price on
his or her own)

8. Markets are in equilibrium
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3.3 Important Principles of the CAPM
1. �e risk of a security depends on the portfolio to which it is added

2. In diversi�ed portfolios, the dominant risk of a security is the covariance of
its returns with other securities held in the portfolio

3. �e risk of a security relative to the risks of other securities held in the port-
folio can be calculated by dividing the covariance of then securitys returns
with other securities held by the variance of returns on other securities held
(the security’s β)

4 Testing CAPM
Denote rt as an (N × 1) vector of excess returns for N assets and rmt as the market
portfolio excess return. �e excess return market model amounts to

rt = α + βrmt + єt
E(єt) = 0

E(єtє′t) = Σ
E(rmt) = µm

E(rmt − µm)2 = σ 2m

Cov[rmt , єt] = 0

where β is the (N × 1) vectors of betas.
CAPM implies that α = 0. Let α̂, Σ̂ denote the least square or MLE of α, Σ

respectively and the Wald test, J0 and �nite sample F-test are :

J0 = α̂′[Var[α̂]]−1α̂

= T[1 + µ̂2m
σ̂ 2m

]−1α̂′Σ̂−1α̂ ∼ χ2(N)

J1 =
T − N − 1

N
[1 + µ̂2m

σ̂ 2m
]−1α̂′Σ̂−1α̂ ∼ F(T − N − 1,N)
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