Stat Navigator: C. Andy Tsao Class Notes and Homework

Week 5.

Spring 2002.

Class notes & Q’s

1. Basic Probability

(a) Random Variable: random numerical variable associated with one population. Contrast x vs. X; unknown vs. random unknown. (Continuous: Height, weight, blood pressure, Discrete: For/Against, Gender, Social-economic status) (b) Probability re. X: P [X ≤ 2], P [X = 1 or 2]. In most practical scenarios, the randomness/uncertainty of X can be expressed in terms of its pmf or pdf.

2. Consider a binary gamble that P [X = 1] = 1/6, P [X = −1] = 5/6. The LLN, CLT can be understood as answers to the following questions of interest to the gambler. Adapted from Durret, R. (1996), Probability: Theory and Examples, 2nd Ed.

1. What’s the average amount of money he will win on one play? Ans: E(X) 2. On the average, what’s his winning will be?

Ans: E(S_n) = E( ∑_n i=1 X_i) = nEX_1.

3. How close will his experience be to the average?

Ans: WLLN, Weak Law of Large Numbers. If X_1, · · · , X_n are iid with EX_i = μ, i = 1, · · · , n then for all ϵ > 0 P [|S_n/n − μ| > ϵ] → 0, as n → ∞. 4. Where do the sequence S_n/n go to?

Ans: Strong LLN If X_1, · · · , X_n are iid with EX_i = μ then S_n/n → μ as n → ∞. 5. Well, knowing what happens in the long run is not enough. What happens in the short run/moderate long run? What’s likely to be the range of S_n? Ans: CLT. Central Limiting Theorem If X_1, · · · , X_n are iid with common mean EX_1 = μ and V ar(X) = σ^2 then for any y P [ S_n − nμ σ √ n ≤ y] → Φ(y) where Φ(y) = P [Z ≤ y] and Z ∼ N(0, 1). S_n ≈ nμ + σ √ nZ. An interval estimate for S_n.

3. LLN provides a frequentist interpretation of probabilty and theoretical basis for simulation.

4. CLT provides an approximate distribution of sample mean for general distributions with finite mean and variance. Thus the corresponded inferences.

5. Proofs of LLN and CLT. Simple Versions.

6. Moment Generating Function. Let X be a r.v. and there exists a neighborhood (−h, h) such that M(t) = E(e^{tX} ), t ∈ (−h, h) is defined. M(t) is the m.g.f of X. In this case, it also uniquely determine a distribution (random variable). It can be utilized to calculate the moments of a r.v. (therefore, EX, Var(X)). M^{(r)}(0) = E(X^r).

Page 1 of 2 Typeset by AMS-LaTeX

7. Moment generating function is very powerful in calculating the moments of sum of identical independent r.v.’s In addition, the one-to-one correspondence between distribution and its moment generating function (when exists in a neighborhood of 0) help us identify the distribution easily. In more general case, characteristic function takes its place.

Reading and Practice

• Read Chapter 2, 3 and §4.1,§4.2, §4.4; §6.1-6.4. • Prepare for Quiz on 020408 • Topics you should know by 020408

– Basic numerical summaries, graphical displays. For example, 5-point summary, box-plot.

– Definitions of pdf, pmf, and verification of them – Calculation of expection, variance, moment generating function, moments of random variable – Definition of indepdence, uncorrelatedness – Properties of sample mean from iid distribution, their mean, variance, moment generating function.

– Properties of linear combination of iid random variables: their mean, variance, moment generating function.

– What are LLN, Central Limit Theorem? (In the case when X_1, . . . , X_n iid with EX_1, V ar(X_1) are both finite.)

Homework (due on 020411 in class.)

1. §3.3-8, 13. §3.4-3, 20. §4.1-1, 2, 8. §4.4-7, 8, 9, 10, 23; § 6.2.-5, 6, 7 2. Try Assessemtn 01 at http://www.am.ndhu.edu.tw/∼chtsao/edu/r4you/ase01.html

Page 2