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EXAMPLE 11

Show that if imy ., | f(x)| = 0, then lim,,, f(x) =0. ~

Solution Since —|f(x)| < f(x) < |f(x)|, and —| £ (x)| and | f (x)| both have limit
0 as x approaches a, so does f(x) by the Squeeze Theorem.

EXERCISES 1.2 , | | | : » .

1. Find: (a) lim f(x), (b) im f(x), and(c) lim f(x), for
x=>~—1 x—0 x=>1
the function f whose graph is shown in Figure 1.12.

Figure 1.12

2. For the function y = g(x) graphed in Figure 1.13, find each
of the following limits or explain why it does not exist.

(@) Lim g(x), (b) lim g(x), (c) lim g(x)

y =g

2

Figure 1.13

In Exercises 3-6, find the indicated one-sided limit of the
function g whose graph is given in Figure 1.13.

3. xl_].)r{l_ g(x) 4. xEIﬁ_g(x)

5. xl—lgl+g(X) 6. x1—1>n31— g(X)

In Exercises 7-36, evaluate the limit or explain why it does not
exist.

7. m(x* —4x +1) 8. lim3(1 —x)2 —x)
x4 x—=>2
3 2
9. lim = : 10. Lim ——
x—=>3x+6 t>—a4—t
2 _ 1 2 _
11. lim = 12, Lm — 1
=1 x+1 x—>-1 x+1
2 _ 6 2
13. lig 20 14. lim 2
=3  x2-9 x>-2 x2—4
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5. im —— 16. =
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occurs frequently in the study of

. x*—16
31 311—132 x3 -8

L 1 4
33'?—1312(x—2_x2—4>

W 2 _ /72

35. lim 24+x 2 2—x

x—=>0 X
The]nmth 0_______f(x+h)—f(x)

calculus. (Can you guess why?) Evaluate this limit for the

functions f in Exercises 37—42.

38.

40.

42,

fex) =
fx)y ==
f@) =1/

Examine the graphs of sin x and cos x in Section P.7 to determine

37. f(x) = x>
1
39. f(x) = ;
41. f(x) =x
the limits in Exercises 43—46.
43. lim sinx
x—>7/2

45. Hm cosx
x—7w/3

44.

46.

lim cosx
x—=7/4
lim sinx
x—2m/3

47. Make a table of values of f(x) = (sinx)/x for a sequence of

values of x approaching 0, say 1.0, 0.1, 20.01, £0.001,
40.0001, and 4-0.00001. Make sure your calculator is set in
" radian mode rather than degree mode. Guess the value of

Lim 7 (x).

88 48. Repeat Exercise 47 for f(x) =

1 —cosx

x2

In Exercises 4960, find the indicated one-sided limit or explain

why it does not exist.

49, hm V2 —x

X~>2—

50.

lim ~/2—x

x—>2+4



51, lm ~2-—x 52. im ~2-—x
x—>—=2— ) ) x> =24
53. lim vx3 —x 54. tm %3 —x
x>0 x—=0—
55, lim vx3—x 56. lim vx?—x4
x—0+ x—=0+
|x —aj |x — al
57. xEEtIzl— x2 —a? : 58. x—a+ x2 — g2
s0. tm 22 - i 24
22— [x + 2| o2+ |x + 2
Exercises 61-64 refer to the function
x—1 ifx < -1
f(x):[x2+1 if—1l<x<0
(x+m)? ifx>0.
Find the indicated limits.
61. lim f(x) 62. lim f(x)
e X1t

63. lim f(x) 64. lLm f(x)
x—=>0+ x—0—

65. Suppose limy_4 f(x) = 2 and limy_4 g(x) = —3. Find:
@ lim (g(x) + 3) (b) lim xf (x)
: \2 g
© Jim (¢) @ Fo—T
66. Suppose limy_q f(x) = 4 and limy_, g(x) = —2. Find:

(a) )}1_1)1}1 (f(x) + g(x))
(©) gl_l)l}z 4g(x)

(®) lim £(x) - g(x)
@ lim f(x)/g(0).

67. 1 lim 22 =3 _ 3 find lim f(x).
=2 x—=2 x=2

f&) f(x)

68. If lim -2, find hm f(x) and hm —

x—0 x2

Using Graphing Utilities to F1nd L1m1ts
Graphing calculators or computer software can be used to

evaluate limits at least approximately. Simply “zoom” the plot
window to show smaller and smaller parts of the graph near the
point where the limit is to be found. Find the following limits by
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graphical techniques. Where you think it justified, give an exact
answer. Otherwise, give the answer correct to 4 decimal places.
Remember to ensure that your calculator or software is set for
radian mode when using trigonometric functions.

® 69. lim sm%\: ' =X 70, sin(2n’x)
=0 X x—>0 sin(3mrx)
I—x x—/x
8871 lm - @72 &
=LA = A% emx
&% 73. On the same graph plot the three functions y = x sin(1/x),

y=x,andy=—-xfor—-02<x<02,-02<y=<0.2.
Describe the behaviour of f(x) = x sin(l/x) near x = 0.
Does limyx—0 f(x) exist, and if so, what is its value? Could
you have predicted this before drawing the graph? Why?

Using the Squeeze Theorem

74. f~/5—2x2 < f(x) <+/5—x2for—1<x <1, find

75.
76.

-77.

E178.
E179.

lim f(x).

x—0

If2—x2 < g(x) < 2cosx for all x, find Iin})g(x).
X—=>

(a) Sketch the curves y = x2 and y = x* on the same graph.
. Where do they intersect?

(b) The function f(x) satisfies:

<f)<x? if-1<x<l1
/

{x2 < fx) <x* ifx<—-lorx>1

Find (i) im f(x), (@i) lim f(x), @i) lim f(x).
x—>—1 x—0 x—1

On what intervals is x1/3 < x3? On what intervals is

x1/3 > %37 If the graph of y = h(x) always lies between the

graphs of y = x1/3 and y = x3, for what real numbers a can

you determine the value of limy—, 4 /2 (x)? Find the limit for

each of these values of a.

1 1
What is the domain of x sin —? Evaluate lim x sin —
X x—=0 x

Suppose | f(x)] < g(x) for all x. What can you conclude
about limy—, f(x) if limy—, g(x) = 0? What if
limy—q g(x) = 3?7

“Limits at Infinity and Infinite Limits

In this section we will extend the concept of limit to allow for two situations not covered
by the definitions of limit and one-sided limit in the previous section:

(1) limits at infinity, where x becomes arbitrarily large, positive or negative;

(ii) infinite limits, which are not really limits at all but provide useful symbolism
for describing the behaviour of functions whose values become arbitrarily large,
positive or negative.
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> limit((x*2-a™2)/(abs(x-a)),x=a,right);
2a

Finally we use Maple to confirm the limit discussed in ExamPle 2 in Section 1.2
> limit ((1+x™2)%(1/x"2), #=0); evalf (%) ;
e

2.718281828 .

We will learn a great deal about this very important number in Chapter 3.

EXERCISES 1.3

Find the limits in Exercises 1-10. B130. lim (vx2 +2x — /%2 — 2x)
X—=>00

.l 2. 1
bR o0 X —4 3. fim —— 3. tm
3x3_5x2+7 x2_2 x—’°°«/x2——2x—x x"’—°°vx2+2x—x
3. lm ————— 4. lim 1
x>0 84 2x — 5x3 x——00 X — x2 33. What are the horizontal asymptotes of y = ———7?
) P _ ’ Vx2—2x —x
x*+3 6. lim x? +sinx What are its vertical asymptotes?
T x>—c0x3 42 " x>00 x2 + cosx . 34. What are the horizontal and vertical asymptotes of
. 2x—5
3 2 2x —1 — ?
7. lim E2VE 8. lim ————— '
oo 1=—x 1200 \f3x2 L x4+ 1
0 2% — 1 0. i 25

lim ———— 16. lm ——
x>—00 /352 f x + 1 x—=—00 |3x 4 2|
In Exercises 11-34 evaluate the indicated limit. If it does not
exist, is the limit 0o, —00, or neither?

1
Ll 2. lim ———
1. lim = 12. lim =3
13. 1 14.
x—l-gl— 3—x x—>1§1+3—x
2.
15, lim 23 16. lm 212
x==5/25x+2 x=>=2/55x +2 e N
17, i 24D 18, fim =23
x=>—2/5)— Sx +2 x—>—2/5)+ 5x + 2
X x Figure 1.18
19. lim ——— 20. lim —————
=2+ 2 —x)° x>1- /1 —x2 The function f whose graph is shown in Figure 1.18 has domain
[0, 00). Find the limits of f indicated in Exercises 35-45.
21. lim 22. lim
x=1+ |x — 1| x=>1-|x — 1] 35. lim f(x) 36. lim f(x)
x—>0+ x—>1
23, lim - 24, tm YEZE - -
C N i +4 Tl x —x2 37. x]—1>nzl+ F@ 38. xgrg— 7@
x4 x4’ N 39, lim fGx) 40. lim f(x)
25, lm s 26. lim 5 flarg s 1
xa/x+1 (1 —/2x +3) 41. lim f(x) 42. lim f(x)
E27- x4+ x—>4—
X060 7 — 6x +4x2
2 2 43. 1l 44. lim
28. 1l r .z x—-gl— F@ x—>5+ F&
x=oo\x+1 x—1

v 45. x1—1>nolo fx)
i 2 2 :
2. x—]>1r—noo <\/x +2x =z 2x) 46. What asymptotes does the graph in Figure 1.18 have?
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Exercises 47-52 refer to the greatest integer function | x ]

47. lim [x] 48. lim |x]
graphed in Figure 1.19. Find the indicated limit or explain why it =3t ¥=>3-
do t exist.
eo notexis y T 49. lim [x] 50. lim |x]
x—3 x—=2.5
y=lx] ——0
—o0 51. lim |2 —x] 52, lim |x]
x—=0+ xX—=>—3—
—o 53. Parking in a certain parking lot costs $1.50 for each hour or
part of an hour. Sketch the graph of the function C (¢)
! representing the cost of parking for r hours. At what values
— of t does C(¢) have a limit? Evaluate limy— 4o— C(z) and
! x limy—, 4,4 C(#) for an arbitrary number # > 0.
54. K limy 04 f(x) = L, find limy—, g f(x)if (a) fis even,
*—o0 (b) f is odd.
55. K limy_o4 f(x) = A and limy—,o_ f(x) =B, find
—o (@ lim f@x*—x) () Lm f@&—x)
x—0+ x—0—
Figure 1.19 (© lm f@x?-x% @ Hm f@x%—x%.
x—>0- x>0+

Continuity

DEFINITION

4

When a car is driven along a highway, its distance from its starting point depends on
time in a continuous way, changing by small amounts over short intervals of time. But
not all quantities change in this way. When the car is parked in a parking lot where
the rate is quoted as “$2.00 per hour or portion,” the parking charges remain at $2.00
for the first hour and then suddenly jump to $4.00 as soon as the first hour has passed.
The function relating parking charges to parking time will be called discontinuous at
each hour. In this section we will define continuity and show how to tell whether a
function is continuous. We will also examine some important properties possessed by
continuous functions.

Continuity at a Point

Most functions that we encounter have domains that are intervals, or unions of separate
intervals. A point P in the domain of such a function is called an interior point of
the domain if it belongs to some open interval contained in the domain. If it is not an
interior point, then P is called an endpoint of the domain. For example, the domain of
the function f(x) = v/4 — x2 is the closed interval [—2, 21, which consists of interior
points in the interval (-2, 2), a left endpoint —2, and a rightendpoint 2. The domain of
the function g(x) = 1/x is the union of open intervals (—oo, 0) U (0, co) and consists
entirely of interior points. Note that althou gh 0 is an endpoint of each of those intervals,
it does not belong to the domain of g and so is not an endpoint of that domain.

Continuity at an interior point
We say that a function f is continuous at an interior point ¢ of its domain if

lim f(x) = f(c).

If either limy .. £ (x) fails to exist or it exists but is not equal to f(c), then we
will say that f is discontinuous at c.

In graphical terms, f is continuous at an interior point ¢ of its domain if its graph has
no break in it at the point (¢, f(c)); in other words, if you can draw the graph through
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Therefore, N2 < N and so N2 — N < 0.

Thus, N(N — 1) < 0 and we musthave N — 1 < 0.
Therefore, N < 1. Since also N > 1, wehave N = 1.
Therefore, 1 is the largest positive integer.

The only error we have made here is in the assumption (in the first line) that the problem
has a solution. It is partly to avoid logical pitfalls like this that mathematicians prove

existence theorems.

Exercises 1-3 refer to the function g defined on [—2, 2], whose
graph is shown in Figure 1.34.

1 (1,2)
y=gx)
-1 D | o
-2 —1 T 1 2 x
Figure 1.34 ’

1. State whether g is (a) continuous, (b) left continuous,
(c) right continuous, and (d) discontinuous at each of the
points —2, —1,0, 1, and 2.

2. At what points in its domain does g have a removable
discontinuity, and how should g be redefined at each of those
points so as to be continuous there?

3. Does g have an absolute maximum value on [—2, 2]? an
absolute minimum value?
Y4 i

1e

Figure 1.35

4. At what points is the function f, whose graph is shown in
Figure 1.35, discontinuous? At which of those points is it
left continuous? right continuous?

5. Can the function f graphed in Figure 1.35 be redefined at the
single point x = 1 so that it becomes continuous there?

6. The function sgn (x) = x/|x| is neither continuous nor
discontinuous at x = 0. How is this possible?

In Exercises 7-12, state where in its domain the given function is
continuous, where it is left or right continuous, and where it is
just discontinuous.

7. fx) = {x2 ifx <0

x* ifx>0

8. f(x)= {xz ifx < -1

x“ ifx>-—1

2 2 i
9. f(x)={(l)/x iiiig 10. f<x)={g987 iiii

11. The least integer function [x7] of Example 11 in Section P.5.
12. The cost function C(¢) of Exercise 53 in Section 1.3.

In Exercises 13-16, how should the given function be defined at
the given point to be continuous there? Give a formula for the
continuous extension to that point.

x> —4 1+
13. > at x =2 14.1_12att=—1
2 -5t+6 x2 -2
15, ————at 3 16. t /2
Z_1-6"° 4 V2
- x? ifx<2. .
17. Find k so that f(x) = 5 . T . isacontinuous
k—x* ifx>2
function.
. x—m ifx<3. -~ .
18. Find m so that g(x) = { 1 —mx ifx>3 is continuous for
all x.

19. Does the function x? have a maximum value on the open
interval —1 < x < 1?7 a minimum value? Explain.

20. The Heaviside function of Example 1 has both absolute
maximum and minimum values on the interval [—1, 1], but it
is not continuous on that interval. Does this violate the
Max-Min Theorem? Why?

Exercises 21-24 ask for maximum and minimum values of
functions. They can all be done by the method of Example 9.

21. The sum of two nonnegative numbers is 8. What is the
largest possible value of their product?

22. The sum of two nonnegative numbers is 8. What is (a) the
smallest and (b) the largest possible value for the sum of
their squares? _ .

23. A software company estimates that if it assigns x
programmers to work on the project, it can develop a new
product in T days, where

T = 100 — 30x + 3x2.

How many programmers should the company assign in order
to complete the development as quickly as possible?

24. Tt costs a desk manufacturer $(245x — 30x2 + x3) to send a
shipment of x desks to its warehouse. How many desks
should it include in each shipment to minimize the average

_ shipping cost per desk?
Find the intervals on which the functions f(x) in Exercises
25-28 are positive and negative.

2

25. f(x) = ’“T 26. f(x) =x>+4x +3
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2 _ 1 2 -2 2 -2
277. fo) == 8. )= "5 235, ()= % 1x on [-5,5]
29, Show that f(x) = %3 + x — 1 has a zero between x = 0 and 2236, f(x) = nx on [~ 7]
x =1L 6 + '

3(0. Show that the equation x3 — 15x + 1 = 0 has three solutions 2237, f(x) = i+ E on [1,3]

in the interval [—4, 4]. _ . ) x
31. Show that the function F(x) = (x —@2(x —b)% 4 x hasthe 82 35+ f(@) =sin(wx) +x(cos(rx) +1) ‘oo [0, 1]

value (a -+ b)/2 at some point x. Use a graphing utility or a programmable calculator and the
Bisection Method to solve the equations in Exercises 3940 to 3
decimal places. As a first step, try to guess a small interval that
you can be sure contains a root.

32. (A fixed-point theorem) Suppose that f is continuous on
the closed interval [0, 1] and that 0 < f(x) < 1 for every x
in [0, 1]. Show that there must exist a number ¢ in [0, 1] such
that £(c) = c. (c is called a fixed point of the function f.)

= 3 z
Hint: If £(0) =0 or f(1) = 1, you are done. If not, apply 39 ¥ 4+x-1=0 &% 40. cosx —x =0
the Intermediate-Value Theorem to g(x) = f(x) — x. Use Maple’s £ solve routine to solve the equations in41-42.
33. If an even function f is right continuous at x =0, show that #$41. sinx +1—x>=0 (two roots)
it is continuous at x = 0. $42. F—x—-1=0 (two roots)
34. If an odd function f is right continuous at x = 0, show that it ® 43. Investigate the difference between the Maple routines
is continuous at x = 0 and that it satisfies f(0) = 0. fsolve (f,x), solve (f,x),and
Use a graphing utility to find maximum and minimum values of evalf (solve (f£,x) ), where
the functions in Exercises 35-38 and the points x where they f := x"3-x-1=0.
occur. Obtain 3 decimal place accuracy for all answers. Note that no interval is specified for x here.

The Formal Definition of Limit

The informal definition of limit given in Section 1.2 is not precise enough to enable
The material in this section is us to prove results about limits such as those given in Theorems 24 of Section 1.2.
optional. A more precise formal definition is based on the idea of controlling the input x of a
function f so that the output f (x) will lie in a specific interval.

. . - . - 2 2
EXAMPLE 1 The area of a circular disk of radius r cmis A = 7r” cm”. A

machinist is required to ma.nufacture a circular metal disk having
area 40077 cm? within an error tolerance of £5 cm?. How close to 20 cm must the
machinist control the radius of the disk to achieve this?

Solution The machinist wants |72 — 4007| < 5, that is,
400 — 5 < mr? < 400w + 5,

or, equivalently,

V400 — (5/m) < r < /4004 (5/m)
19.96017 < r < 20.03975.
Thus, the machinist needs | — 20| < 0.03975; she must ensure that the radius of the

disk differs from 20 cm by less than 0.4 mm so that the area of the disk will lie within
the required error tolerance.

: L
When we say that f(x) has limit L as x approaches a, we are really saying that we
can ensure that the error | f(x) — L| will be less than any allowed tolerance, no matter
how small, by taking x close enough to a (but not equal to a). It is traditional to use
¢, the Greek letter “epsilon,” for the size of the allowable error and §, the Greek letter
“delta,” for the difference x — a that measures how close x must be to a to ensure that
Figure 1.36 Ifx £ aand |x —a| <8, the error is within that tolerance. These are the letters that Cauchy and Weierstrass
then |f(x) —L| < ¢ used in their pioneering work on limits and continuity in the nineteenth century.
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To show that f(x) has an infinite limit at a, we must ensure that f (x) is larger than any
given positive number (say B) by restricting x to a sufficiently small interval centred
at a, and requiring that x # a.

Infinite limits

lim f(x) = oo,

fx) > B.

We éay that f(x) approaches infinity as x approaches a and write

if for every positive number B we can find a positive number , possibly depending
on B, such that if 0 < |x — a| < §, then x belongs to the domain of f and

t

Try to formulate the corresponding definition for the concept limz 4 f (x) = —o0.
Then try to modify both definitions to cover the case of infinite one-sided limits and

infinite limits at infinity.

EXAMPLE 7

Verify that lim
x—=0

— = 0.
x2

Solution Let B be any positive number. We have '(

1

) > B provided that x? < 3
If § = 1/4/B, then
/
s o 1 1
O<|x| <8 = x"<8=—= = —>B
B x2

Therefore limy—0 1 /x2 ="00.

1. Thelength L of a metal rod is given in terms of the
temperature T' (°C) by L = 39.6 + 0.025T cm. Within what
range of temperature must the rod be kept if its length must
be maintained within =1 mm of 40 cm?

2. What is the largest tolerable error in the 20 cm edge length of
a cubical cardboard box if the volume of the box must be
within 1.2% of 8,000 cm>?

In Exercises 3-6, in what interval must x be confined if f(x)
must be within the given distance € of the number L?

3. fxy=2x -1,
4. fx)=x7

5' f(x) = \/E7

6. f(x)=1/x,

L=3, =002
L=4, =01
L=1, €=0.1

L=-2¢=001

In Exercises 7-10, find a number § > O such that if |x — a| < &,
then | f (x) — L| will be less than the given number €.

7. fx)=3x+1, .
8 f(x)=+2x+3, a=3,

9. f(x)=x7

10. f()=1/(x +1).a =0,

a=2, L=7,
' L=3,
a=2, L=8§,

L=1,

€ =0.03
€ =0.01
e=02

€ =0.05

In Exercises 11-20, use the formal definition of limit to verify the
indicated Limit.

11. Iim(Bx+1)=4 12. lim (5 —2x) =1
x—1 x—=2

-2
13. lim x2 =0 14.. lim —% =
x—=0 =21+ x2
1—4x? 2+2
15. lim X =2 16. mx+x=_2
x=>1/2 1—2x x—>—2 x+2
1 x+1 1
7. 1 = - 18. i = ——
17. lim =7 =3 o1 2
19. lim /x =1 20. limx3 =38
x—>1 x—=2

Give formal definitions of the limit statements in Exercises
21-26.

21. xEI,I;l— fx)=L 22. JCEr_nc>o fx)=L

23. ;}Enm fx)=-—0 24. xl_l)ngo f(x) =00
25. lim f(x) =—00 26. Lim f(x) =00
x—=a+ x—>a—

Use formal definitions of the various kinds of limits to prove the
statements in Exercises 27-30.
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lim =00 28. lim = -0
x—=>14+ X — x—=>1-X —
1
lim ——=0 30. Iim /x=00
X—>00 x2 +1 x>0

Proving Theorems with the Definition of Limit

i31.

§132.

E133.

€34,

Prove that limits are unique; that is, if limy—s, f(x) = L and
limy—q f(x) = M, prove that L = M. Hint: Suppose
L # M andlete =|L — M|/3.

If limy—q g(x) = M, show that there exists a number § > 0
such that

O<|x—al<8§ = lgx)|<1+]|M]

(Hint: Take ¢ = 1 in the definition of limit.) This says that
the values of g(x) are bounded near a point where g has a
limit.

If limyg—q f(x) = L and limy—4 g(x) = M, prove that
limy—q f(x)g(x) = LM (the Product Rule part of
Theorem 2). Hint: Reread Example 4. Let € > 0 and write

|f()g(x) — LM| = | f(x)g(x) — Lg(x) + Lg(x) — LM]
= |(f(x) = L)g(x) + L(gx) = M)]
< (f) — L)g)] + |L(gx) = M)
=gl f () — LI + |Lilglx) — M|

Now try to make each term in the last line less than €/2 by
taking x close enough to a. You will need the result of
Exercise 32.

If limy_,q g(x) = M, where M # 0, show that there exists a
number § > 0 such that

O<lx—al<s = [g)]>IM]/2.

B35, Iflimy_g g(x) = M, where M # 0, show that

1 1

im —— .
e g(x) M

Hint: You will need the result of Exercise 34.

36. Use the facts proved in Exercises 33 and 35 to prove the

Quotient Rule (part 5 of Theorem 2): if limy 4 fxy=1L
and lim;—4 g(x) = M, where M # 0, then

ljm—@—-

L
e gy M

§137. Use the definition of limit twice to prove Theorem 7 of

Section 1.4; that is, if f is continuous at L and if
limy—¢ g(x) = L, then

lim f(g0) = £(D) = £ (lim g(0))

¥138. Prove the Squeeze Theorem (Theorem 4 in Section 1.2).

Hint: If f(x) < g(x) < h(x), then

lg@x) — LI = lg) — f(x) + f(x) — Li
<lg@x) — f®I+1f(x) — L
< [h(x) = fOI + [ f(x) — Li
=|h(x)—L—(f)—DIi+I1fx) - Ll
< |h(x) — LI+ 1f(x) — LI+ 1f () — L]

Now you can make each term in the last expression less than
€/3 and so complete the proof.
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Key Ideas

+ What do the following statements and phrases mean?

LR R R

b

<
<
<
<
<
<

the average rate of change of f(x) on [a, b]

the instantaneous rate of change of f(x) atx =a
limy—, f(x) =L
limy— g+ f(x) =L,
limy— o0 f(x) = L,
limy—4 f(x) = 00,

limy—q- f(x) =L

limy——co (&) = L

limy—qt f(x) = —00

f is continuous at c.

£ is left (or right) continuous at c.

f has a continuous extension to c.

f is a continuous function.

f takes on maximum and minimum values on interval .
f is bounded on interval I.

o f has the intermediate-value property on interval I.

o State as many “laws of limits” as you can.

« What properties must a function have if it is continnous

and its domain is a closed, finite interval?

» How can you find zeros (roots) of a continuous func-

tion?

Review Exercises
1. Find the average rate of change of x3 over [1, 3.
2. Find the average rate of change of 1/x over [-2, —1].
3. Find the rate of change of x> atx = 2.
4. Find the rate of change of 1/x at x = —3/2.

Evaluate the limits in Exercises 5-30 or explain why they do not

exist.

x2

6. lim

x—>2 1 —x2

5. liml(xz —4x +7)
x—>



11.

13.

15.

17.

19.

21.

23.

25.

27.
29.
30.

lim x? 8. lim x> —4
1. . 1 _—
x—=11—1x2 —2x2—5x+6
2 2
—4 —4
im S 10. lim S
=2 x%2 —4x +4 22— x2 — dx + 4
2
—4 9 _
lim - 12. Tim 2=YF
x=>—2+ x*+4x + 4 x4 x —4
2 .
x“—=9
lim ————= - 14. 1
=3 /X = /3 h—»ox/x+3 VX
Im vx — x2 16. lim vx — x2
x—>0+ x>0
lim vx — x2 18. lim vx —x2
x=>1 X1
1—x2 2
Tim — 20. fim 2100
x>0 3x2 —x —1 r=>—00 x2+43
-1 4
x 22. lim —2

m —
x—>—c0 x2 +4 100 x2 — 4

lim 24. lim

x—=0+ ,\/x—_x x—=>1/2 '\/JC—X"
lim sinx 26. lim =2
X—=>00 X—=>00 X
1 1
Lim x sm - 28. lim sin —
x>0 x=0 X
hm [x—i-\/x2 4x 4+ 1]
lim [x + vx2 — 4x + 1]
X—=> 00

At what, if any, points in its domain is the function f in Exer-
cises 31-38 discontinuous? Is f left or right continuous at these
points? In Exercises 35 and 36, H refers to the Heaviside function:

H(x)=1ifx>0and H(x) =0ifx < 0.
31 Fx) =x° —4x* +1 32, f(x) = +1
X% ifx>2 _[x% ifx>1
3. f(x)_{x fr<o OF f(x)*{x ifx <1
35. F)=H@x—1) 36. f(x)=H(O ~x?)
37. f(x) = Ix] + |x + 1]
_{Ixl/Ix+1] ifx #E -1
38. f(x)_{1 if x = —1
Challenging Problems
1. Show that the average rate of change of the function x3 overthe

interval [a, b], where 0 < a < b, is equal to the instantaneous

rate of change of x3 at x = v/(a? + ab + b?)/3. Is this point

to the left or to the right of the midpoint (a + b)/2 of the
interval [a, b]?

2. Evaluate hm —*
0fx —1]—ix+1]
-2 -2
3. Evaluate lim 5 -2~ Ix l.
x=—3 IX—SI |3x—7|
X3 —4

4. Evaluate hm

et X172 g

s.

6.

7.

8.

9.

10.

E111.
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V3+x -2
Evaluate 11m TV
x—=1 «/7+x—2

The equation ax? + 2x — 1 = 0, where a is a constant, has
tworootsifa > —1 and a # O:
at

—1+¢— —1-

andr_(a) = 1+a‘

ry(a) = ”

(a) What happens to the root r_(a) whena — 0 ?‘

(b) Investigate numerically what happens to the root
r.(a) when a — 0 by trying the values a = 1, £0.1,
+0.01, . For values such as ¢ = 1078, the limited
precision of your calculator may produce some interesting
results. What happens, and why?

(c) Evaluate lim,—, o 7+ (@) mathematically by using the iden-
tity

A—-B

VA-VB=

VB =

TRUE or FALSE? If TRUE, give reasons; if FALSE, give a
counterexample.

(a) If limy—, f(x) exists but limy_,, g(x) does not exist,
then limy— 4 (f(x) + g(x)) does not exist.

(b) If neither limy—, f(x) nor lim,_,, g(x) exists, then
limy—q (f(x) + g(x)) does not exist.

(c) ¥f f is' continuous at a, then so is | .

(d) If | f] is continuous at a, then so is f.

(&) If f(x) < g(x) for all x in an interval around a, and if
limy—4 f(x) and limy_,; g(x) both exist, then
limyq f(x) < limy—q g(x).

(a) If f is a continuous function defined on a closed interval
[a, b], show that R(f) is a closed interval.

(b) What are the possibilities for R(f) if D(f) is an open
interval (a, b)?
21
I IR Find all points where
x% — 1|
f is not continuous. Does f have one-sided limits at those
points, and if so, what are they?

Consider the function f(x) =

Find the minimum value of f(x) = 1/(x — x2) on the interval
(0, 1). Explain how you know such a minimum value must
exist.

(a) Suppose f is a continuous function on the interval [0, 1],

and f(0) = f(1). Show that f(a) = f(a+ %) for

1
some a € I:O, 5}
Hint: Let g(x) = f{x+ %) — f(x), and use the
Intermediate-Value Theorem.
(b) If n is an integer larger than 2, show that

f@ :f(a-l—l) for some a € [0,1— l}
n . n





