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Motivation

Central Limit Theorem

Theorem
Let X1, X2, . . . , Xn, . . . be iid with E(Xi ) = m and var(Xi ) = s2 < ¥ .

Then
p

n(X̄ � m) D�! N(0,s2), i.e
p

n(X̄ � m)
sD�! N(0, 1).

SupposeX � Binomial(n, p) n : �xed, 0 < p < 1
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Motivation

Binomial Distribution

CLT :
p

n(X̄ � m)
s

D�! N(0, 1) as n! ¥

Statistical inferences on p :

a) Point estimator:

MLE of p is p̂ = X
n = X̄CLT :

p

n (̂p �p )
p p (
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Motivation

b) Con�dence interval forp

Wald interval: One of the most used C.I.'s forp.

CI 362.83 57.9701 Tf 1f -.7828 Td [(W 362.53m 11-3631 Tf 1.9527 .7828 Td [=W 362.162 10.9091 Tf 10.727 10.68 Td ["W 362.502 10.9091 Tf57.1f -10.68 Td [ˆ.)]TJ/F45 10.9091 Tf -.2149 0 Td [(p)]TJ/854 11-3631 Tf8.3149 0 Td [€r
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Motivation

Figure 1: Coverage probabilities ofCIW .
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Q: Improve it?
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Motivation

Other C.I.s forp

Similar techniques used

Wilson Score interval : It can be derived from

 
p̂ � p

p
p(1 � p)/ n

! 2

= z2
a/22eyJ/F62 sol1(et)1(34(97 14.3462 Tf 6.747 0 Td [(n/)]55/F53 11.3673 Tf 7.9701 Tf -0.]TJ61/F53 11..Thal)-333(:)-445(It)-4(is091 Tf -1.214 0 Td [(34.7
Q
- 362F48 7.9CI091 Tf 69/)]TJ/F21010[(p)78F50 7.9WS091 Tf37.899 -16.009)]T93[(W)78F50 7.9,091 Tf 7.162 27.752 (z)]T8 
0.927d [(2)]TJ/F 0 )6.00 [(2)4091 Tf -1.214 0 Td [8001 Td 71F48 7.9X673 Tf 7.899 -16.009.21418 0.8 7.9+091 Tf 69/
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Motivation

A �nite sample con�dence interval forp.

Clopper-Pearson interval : Solvingp in the equations.

n

å
k= x

�
n
k
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Motivation

Wilson Score interval

I use CLT & solve quadratic equation.
I Behaves satisfactorily except when p nears 0 or 1.

Clopper-Pearson interval

I Finite sample.
I Consistently conservative.

,! Both of them do not o�er supplemental point estimators!

Q:
1 Improve coverage probability?
2 New estimators forp, satisfactory?
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Binomial case

d-Method

Theorem
SupposehthatTn ishsequence of estimators ofq , and

p
n(Tn
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Binomial case

Figure 4: Comparison of the coverage probabilities forn = 25.
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Binomial case

Restriction ofCIo

CIo improvesCIW , especially whenp nears 0 or 1.

BUT, CIo = [ 0, 1], whenp̂ = 0 or 1. ) meaningless and useless.

,! modi�ed CIo
I CIZL ) conservative! Zhou, Li and Yang (2008)

I replacingp̂ by �p = X + d
n+ 2d , for 3

32 � d � 3
16.

,! Our proposed con�dence intervals forp:

CITW =

"
e�L

1 + e�L
,

e �U

1 + e �U

#

, [LTW , UTW ]

where �L = logit( �p) � za/ 2p
n �p(1� �p)

and �U = logit( �p) + za/ 2p
n �p(1� �p)

.

Q : Comparing to others?
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Binomial case

Normal approximations after a transformation
 C.I.'s for p Brown et. al (2001)

Pires and Amado (2008)

a) The Agresti-Coull interval. Replaces p̂ by p̃. Agresti and Coull (1998)

Let p̃ = X̃
ñ , where X̃ = X +

z2
a/ 2

p̃(1 � p̃)
ñ

#

b) log(p) :

CIlog ,
�
e
log

�
p̂� za/ 2

q
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Binomial case

Recommendable alternative intervals are :
CITW , CICP, CIarcsin� cc, CIAC , CIWS .

Figure 6: Coverage probabilities fora = 0.05 andn = 25.
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Binomial case

Other propositions :

Average Width?

All of them DO NOT o�er supplemental point estimators!

,! Take midpoint of each interval be it's
supplemental point estimator.

,! The midpoint of our proposedCITW : p̂TW

Compare them toX̄ by MSE and IMSE.
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Binomial case

Figure 7: Comparison of the average width of intervals,variance,bias and MSE of
point estimators forp when n=25, a = 0.05.
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Binomial case

Figureh8:
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Binomial case

Figure 10: Compare to di�erent con�dence coe�cients forn = 25.
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Binomial case

Table 1: Comparison of IMSE of supplemented point estimators betweenCIW ,
CITW , CICP , CIarcsin� cc, CIAC and CIWS for variousa and n.

IMSE

a n CIW CITW 1 CITW 2 CICP CIWS CIAC CIarcsin� cc

0.01 10 .0166 .0437 .0495 .0201 .0190 .0189 .0199

25 .0066 .0173 .0229 .0074 .0077 .0077 .0071

50 .0033 .0067 .0110 .0035 .0037 .0037 .0034

0.05 10 .0166 .0263 .0367 .0156 .0149 .0149 .0156

25 .0066 .0089 .0140 .0064 .0064 .0064 .0064

50 .0033 .0038 .0057 .0032 .0033 .0033 .0032

0.25 10 .0166 .0139 .0145 .0138 .0140 .0140 .0138

25 .0066 .0061 .0062 .0061 .0062 .0062 .0061

50 .0033 .0032 .0032 .0032 .0032 .0032 .0032
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Binomial case

CITW =
h

e
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Binomial case

by straightforward but tedious derivations, we solve the inequality

n �
� z

B

� 2
, h( �p),

where

B =
p

�p(1 � �p) log

( r
1+ 2E

1� 2E +
h�

E
1� 2E

� �
�p2+( 1� �p)2

�p(1� �p)

�i 2
+

�
E

1� 2E

� �
�p2+( 1� �p)2

�p(1� �p)

�
)

.

) For E � 10% (typical case)

max h(p) = h( 1
2 )

Take nTW = dh( 1
2)e
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Binomial case

Figure 11: The functionh(p) whenE � 10% with variousa.
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Binomial case

Conclusion

The coverage probabilities ofCIW are too low.

The coverage probabilities ofCICP, CIarcsin�
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Binomial case

Figure 12: Flow chart of interval estimation for binomial case.
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